In-depth analyses of existing direct numerical simulations (DNS) data from various sources supported a logical and important classification of generic turbulent boundary layers (TBL), namely Type-A, -B and -C TBL, based on distribution patterns of time-averaged wall-shear stress. Among these types, Type-A TBL and its related law, as represented by the DNS data of turbulence on a zero-pressure-gradient semi-infinite flat-plate, was investigated in terms of analytical formulations of velocity independent on Reynolds ( Re ) number. With reference to the analysis from von Karman in developing the conventional law-of-the-wall, the current study first physically distinguished the time-averaged local scale used by von Karman from the ensemble-averaged scale defined in the paper, and then derived the governing equations with the Re -independency under the ensemble-averaged scales. Based on indicator function (IDF) and TBL thickness, the sublayer partitions were rigorously defined. The analytical formulations for entire TBL, namely the complete law-of-the-wall, were established, including the formula in inner, buffer, semi-logarithmic (semi-log) and wake layer. The researches were featured by introducing the general damping and enhancing functions (GDF and GEF) and applying these functions to both linear and logarithmic coordinates. These law formulations were proved uniform and consistent in time-averaged local and ensemble-averaged scales, which were validated by the existing DNS and experiment data. Based on the similarity of relevant properly-scaled governing equations, the law formulations were logically reasoned being applicable to the temperature in Type-A thermal TBL. The findings advance the current understandings of the conventional TBL theory and its well-known foundations of law-of-the-wall. 
data from Schlatter, Orlu [8] [9] , Pirozzoli and Bernardini [11] [12] . The findings advance the knowledge front and enrich the contents of TBL theory and wall-bounded turbulence.
TBL scaling is a critically important issue in the traditional law [1] and the growing DNS data support to broadly classify generic TBL based on the distributions of time-averaged local wall-shear stress ( w  ), a physical quantity directly associated with TBL scaling. Cao & Xu [13] pointed out the necessity of classification to re-understand the traditional law. x is the streamwise direction, y or z is the wall normal or span-wise direction, respectively. A typical case for Type-A TBL is the semi-infinite flat-plate turbulence focused by the current paper. On the other hand, Type-B TBL can be represented by the turbulence in infinite long ducts driven by pressure gradient in streamwise direction, as seen in Cao & Xu [13] and Type-C TBLs are wall-bounded turbulence with more complex wall-structures which are featured by the local wall shear stress w  being the function of both streamwise and spanwise directions. With the classification, the traditional law was well-known validated for Type-A TBL and the law's applicability to Type-B TBL was preliminarily investigated in [13] . The paper further develops the complete law's formulations for Type-A TBL using both time-averaged local and ensemble-averaged scales and extends the law's applicability to thermal TBL. Although the Type-A TBL of semi-infinite plat-plate turbulence is geometrically simple, the investigations of the traditional base-line configuration, indeed, revealed an abundance of turbulent characteristics such as the hairpin vortices, coherent structures and recently vortex forest in the TBL. Fig.1 schematically displays the TBL patterns for semi-infinite plat-plate turbulence evolving along the streamwise x direction while a variety of sublayers are formed in the course of turbulence evolution in the wall-normal y direction. The momentum exchange interactions are found promoted by the ejection and sweeping processes which eventually evolve into the formation of multi-eddies structures, namely the  -shaped vortices to hairpin vortices and further to vortex-forest structures, seen in FIG.1 (b) [14] . The higher momentum fluids are continuously sent into viscous inner layer by sweeping process resulting in the growing of wall shear stress and the development of TBL thickness of TBL along the streamwise direction. According to [1] , TBL velocity and length scales were identified by nondimensionalizing the definition of wall-shear stress ( w  ), including the steps in Eq. (1) by making the left-hand side of definition equal to unity and reorganizing the righthand side by nondimensionalizing the nominator and denominator in the partial derivative leading to the appropriate velocity and length scales. 
Thereby, the TBL velocity and length scales are well-known defined as
where  is density,  is dynamic viscosity. Re -independent model equations for Type-A TBL were then derived based on these scales in the time-averaged local sense [1] . 
Obviously, the solution conditions for Eq. (2) (3) and (4) . Hence, the traditional viscous linear law can be interpreted as a single-control parameter form, whereas the current work targets at the relevant law for each sublayer in a multi-control parameter form with improved accuracy.
Typical TBL contains multi-sublayers with different physical and mathematical mechanisms. Following the traditional TBL descriptions in Coles [15] , the valid range for each sublayer has to be precisely defined so that the law expression can be accurately developed. However, the precise determination for each sublayer boundary has long been a tricky puzzle. As is well known, the TBL outer boundary was defined as the location of 99% the incoming velocity proposed by Prantdl [2] . To the author's point of view, the validity of the definition is based on the fact that, in the vicinity of TBL outer layer, the velocity gradient is trivial, and therefore the velocity profile is reasonably chosen to determine the boundary between TBL and outer inviscid flow. However, both velocity gradient and profile are equally important in the vicinity of wall, which suggests that these two quantities, i.e. profile and gradient, need to be taken into account to define the boundary of each TBL sublayer near wall.
Within the context, the paper proposed to utilize the indicator function (IDF) [10] [12] [16] , with the form of combination, or specifically product of viscous linear velocity profile and gradient, i.e. However, with the rising of Reynolds stress away from wall, the profiles deviate from the linear law 
traditionally a part of buffer layer, but currently a viscous transition layer as part of the inner layer within which the profiles can be expressed as the viscous linear law corrected by the GDF or GEF [13] . The definition of approaches to maximum and then decrease with a mild slope. The paper found that the profiles in buffer layer were able to be analytically expressed by the GDF and GEF. Since IDF is more directly linked to the velocity gradient or total shear stress, it is more appropriate to use the shear force related IDF instead of the velocity profiles to define boundaries of each sublayers, particularly for the inner layer where the velocity gradient is large, which is considered more consistent with the physical features of inner and buffer sublayers. In the region adjacent to semi-log layer, the IDF reaches the minimum and tends to be a constant for smaller Re shown in   FIG.3 , or increases slightly after reaching the minimum and then approaches to a constant for larger Re [10] d for relatively large Reynolds numbers, resulting in an obvious semi-log sublayer which is considered as a distinctive feature for semi-log layer and is consistent with the traditional theory based on the Prandtl mixing length theory [2] ( see FIG.3 or 4(a) ).
The transition point from semi-log to wake layer is denoted by  with an averaged factor of 0.15 [19] proposed, resulting in ul  scaling and establishes the Re -independent RANS equations, which permits more rigorous analysis using DNS data.
Another important issue is that the law's mathematical forms have to be consistent under different scales, namely the ( , ) ul  and ( , ) ul  scales, and such forms ought to be well-posed to maintain the basic mathematics universally applicable to relevant scales by only adjusting the control parameters. Evidently, the issue is satisfactorily resolved in the following analysis by identifying the proper scale quantity as 1 uu  + = +  and by rescaling the other control parameters using
With precisely defining the boundaries of sublayers, the paper then proceeds to the analytical design for the law in each sublayer. For convenience, the following discussion of formulation design is under the local time-averaged scale ( , ) ul  and the same method can be applied using the ensemble-averaged scale ( , ) ul  . In y . Therefore, with each sublayer's partition being precisely defined by IDF and the GDF and GEF being applied to both linear and semi-log coordinates, the complete law formulae for entire TBL are derived by shifting the coordinate origin to the boundary locations of semi-log layer. These law formulations can then be uniformly expressed with the superscript #=(*, )
+ representing the ( , ) ul  and ( , ) ul  scales, respectively, and
(1) inner layer (2) buffer layer
(4) wake layer The formulations Eq. (5)(6)(7)(8) can generally be considered as tri-control-parameter law, as compared to the singlecontrol-parameter traditional law for viscous linear layer mentioned before and the dual-control-parameter law for the inner layer of Type-B TBL [13] . When using ( , ) ul  as scales, the control parameters are all explicitly presented in Eq. (5)(6)(7) and (8) 
The term 
For semi-log layer, 
In wake layer near mainstream where uy ++ becomes insignificant, velocity is the major quantity to predict. The Overall, the law formulations proved their capability of not only accurately predicting the profiles, but also capturing the large velocity gradients or shear stress behavior in inner layer. Moreover, the continuities of both To make use of Eq. (5)(6) in application, the velocity and its gradient at capturing the near-wall gradients. The properly scaled Type-A TBL governing equations provide the theoretical foundation for these formulations to possess the Re -independency property. Given the similarity of the properly-scaled governing equations, these law formulae are logically reasoned being applicable to temperature profile in thermal Type-A TBL.
